THE DEFINITE INTEGRAL
Objective: Evaluate definite integrals using Riemann sums

If f is continuous on [a, b], then the definite integral of f from ato b is

j:f(x)dx — lim zn:f(xi*)Ax
n—)ooi:1

n
> f(x")Ax is called a Riemann sum
i=1

Given: f(x) = x> - 4

» Use the Midpoint Rule with Ax = % to approximate

the shaded area on [-5, 4].

* Find the zeros of the function to separate the shaded
area into 3 regions. Each region must be entirely
above the x-axis or entirely below.

1
= 26.9375

1 1 1 1 1 1
Ay ~ Mg = 5T(-4.75) + 5(-4.25) + 5(-3.75) + 5(-3.25) + 5(-2.75) + 3(-2.25)

Find A, ~ Mg HINT: Your result should be negative

Find A, ~ M,

* If we are approximating area, we must use the absolute value of any “areas” where the
calculations result in a negative number.

» Total area ~ 26.9375 + |-10.75| + 10.625 = 48.3125

» If we are approximating the integral, then the signs are kept intact.

. j_“s (x2 — 4)dx ~ 26.9375 - 10.75 + 10.625 = 26.8125  Riemann sum

How is the integral related to the shaded areas?
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Use the limit of the Riemann sum to find the exact value of j'_5 (x% = 4)dx

. AX=b—azg
n n
. x0=—5,x1=—5+g,X2 —5+E X3=—5+£,and,ingeneral,xi=—5+%
n n n n
4 2 _ 9i) 9
I_S(X —4)dx—nll_r)anf(x)Ax— lim Zf[ 5+F]H

=1

&9 90i 81% | . <&|189 810i 729
_I|mz {21—— —2}_I|m Z{ -+ —

: ng gy S LY 90i 81
= lim B5+=| -4 = lim 25 -4+ -4
n— oo Z:n[[ n n— o g_n n * n2

n—>w =N n n n—=w 31 N n n
18 810 &. 729

= lim —2189——Z|+—2|2
= N n? s n®iE

— im E(189n)—810 n(n + 1) N 729( n(n+1)(2n + 1)
n— oo _n n2 2 3 6

- im |189_ 408 n(n2+1)J+243[n(n+1)§2n+1)ﬂ
n—>oo_ n n

— 1im | 189 - 405 n+1j 243(n+1j(2n+1n
n—)oo_

= lim [ 189 - 405 j 243( ]( ﬂ
n—)oo_

243

= 189 — 405(1) + 222 (1)(2) = 27

Use the limit of the Riemann sum to find the exact value of j'; (x2 - 4)dx
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Evaluate _[_5 (2 — |x|)dx by interpreting it in terms of areas.

» First find the zeros of the function on the required
interval; they are — 2 and 2.

. j_‘sz (2 - |x|)dx = —(%5353) = —%

* I_ZZ(Z — |x])dx = (%muzj )

NG IXI)dx=—[%mm] - _%
. J'_Z(Z— |x)dx = I:: (2 - |x[)dx + '[_22(2 — |x[)dx + .‘.23 (2 - |X|)dxz_%+ 4_% -1

* We can find the exact value of the integral because the shaded areas are triangles.

Important properties of the definite integral

. j:f(x)dx [ 4(x)dx

. j:f(x)dx -0

. j:cdx = ¢(b — a), where c is any constant

. j:[f(x) + g()ldx = j:f(x)dx ; j:g(x)dx

. j:[f(x) — g(x)]dx = j:f(x)dx - j:g(x)dx

. j: cf(x)dx = ¢ j:f(x)dx, where ¢ is any constant
. j:f(x)dx + [100dx = [H(x)dx

« Iff(x) > 0 on [a, b], then _[:f(x)dx >0

. If f(x) > g(x) on [a, b], then j:f(x)dx > j:g(x)dx

« Ifm<f(x)<M on [a, b], then m(b—a) < j:f(x)dx <M(b-a)

Solutions

e A

~ M, =

2 8

1 1 1 1 1 1 1 1
51(-1.75) + 5(-1.25) + 5(-0.75) + 5(-0.25) + 5(0.25) + 5(0.75) + 5(1.25) + 5 (1.75)
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(—0.9375 - 2.4375-3.4375-3.9375 -3.9375 -3.4375 -2.4370 — 0.9375)
10.75

I N~

1 1 1 1
Ag = My = 5(2.25) + 1(2.75) + 5(3.25) + 5(3.75)

= %(1.0625 +3.5625 + 6.5625 +10.0625) = 10.625

The integral is equal to the area of the shaded regions above the x-axis minus the area
of the shaded regions below the x-axis.

Exact value of J'; (x2 — 4)dx

n n
3 6 9 . 3i
* X =0, X1=H, Xo == X3 = —, and, in general, x; =

1
3
-
—
‘w
N
‘w

. _"03()(2 — 4)dx = nli_r)noo gf(xi)Ax

- H 2 - 2
= lim zn:i (ﬂ) _4| = lim 5 %[Qiz _4]
nN—o>ow j=1 N n n—>o i=1 n

n— o n° i n—eo M=

_ lim _7[n(n+1)(2n+1)]_§(4n)}
n— o _n3 6 n

I (n+1)(2n+1)j_12}
n—>oo_2 I‘l2

= im |2 n+1j(2n+1j_12}
n— o _2 n n

= |im g 1+lj(2+ij—12}
n—)oo_2 n n

_9 _
=502 -12=-3
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