INTEGRATION BY SUBSTITUTION

Objective: Evaluate integrals using the substitution rule to change variables
The substitution rule

If u = g(x) is a differentiable function whose range is an interval I, and f is continuous on I,
then [ flg(x)lg'(x)dx = [ f(u)du

Using substitution to find indefinite integrals: General steps

» Choose the quantity which “u” will represent. The choice is usually pretty obvious, but
remember that you must be able to differentiate “u”:
common choices include

* Quantity which is raised to a power

* Quantity which is the argument of a function
» Higher power if multiple powers are involved
* Exponent of “e”

* Inx

* Once you have chosen the quantity which will equal “u”, find the differential du:
u=1fx) = % =f'(x) = du = f'(x)dx (p. 250)

* Reuwrite the given integral in terms of u and du

» Substitute, using a substitution factor if necessary
* Integrate

* Back substitute

» Check by differentiating

Now that you have the plan, let’s try to apply it!

Using substitution to find indefinite integrals

Example: Evaluate Ilez 4x3 + 7 dx letu = 4x3 + 7, then du = 12x2dx
[12x2Vax® + 7dx = [ (4x® + 7)% (12x2dx)
[A——; —
u du
3 3
= Iu%du =§ué +C = %(4x3 + 7)4 +C

NOTE: It is not usually quite this easy! You frequently have to introduce a “fudge factor”
to compensate for the fact that the derivative is not quite what you would like it
to be. The fudge factor is a number, not a variable!

Integration by Substitution ~ p. 1
J. Ahrens 2001-2006



4
- Example: Evaluate [3/(5x - 7)*dx = [ (5x - 7)Adx let u = 5x + 7, then du = 5dx
u
But we do not have a factor of (5dx). No problem, just write it down anyway.

% [ (x - 7)%(5 dx)
u au

A “fudge factor” of% Is used because é(de) = dx, which is what we had in the original

problem. Since it is a number, it can be put in front of the integral symbol and we will
worry about it later.

4 7 7
So, we havelj.(u)édu -1 Eué +C=i(5x—7)é+c
5 517 35

Evaluate [(8—4x)°dx

+ Example: Evaluate I8cos(4x)dx let u = 4x, then du = 4dx

I8003(4x)dx = Zj cos(4x)(4dx) = 2] cos(u)du = 2sinu+ C = 2sin(4x) + C
u du

Evaluate [-12csc(3x)cot(3x)dx

« Example: Evaluate J’2x2(2x3 + 1) “dx let u=2x>+1, then du= 6x°dx

8 3 8
I2x2(2x3 +1)7dx = lj'(zxs +1)7(6x2)dx — lj'u7du _ 1fu” 4+ C = (2x° + 1) L C
’ o ° 3\ 8 24

Evaluate jx?’ 7x% —5dx
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7(x? - 1)
x3 - 3x + 1)6

letu= x®-3x+1 thendu= (3x% - 3)dx = 3(x? — 1)dx

dx

» Example: Evaluate I(

-1 o7 1 3(x% - 1) d
J-(X3—3X+1)6 X BJ.(X3_3x+l)6[Ld,l-J)_/X]
u

-5
:ZIu‘edu:Z(u—J+C: 3_7 =+C
3 3\ -5 15(x° = 3x+1)

2
Evaluate [e*"***(x +2)dx

» Evaluate [[cos®(5t)]sin(5t)dt let u = cos(5t), then du = — 5sin(5t)dt

. 1 3 . 1¢ 3
j [cos®(5t)] sin(5t)dt = - j [cos(51)] [-5 sin(5t)dt] = —g_[u du

4
= —i[u—} C = —%0054(50 +C

5| 4
» Evaluate _.'tan(x)dx = j' Sin(x) dx let u = cos(x), then du = - sin(x)dx
cos(x)
f SIN) gy = (99 = i jul+ C = —In |cos()| + C
cos(x) u
u+8

« Example: Evaluate ISx(Sx ~8)Mdx  letu=3x -8, thendu=3dx and x =

In this problem we have a leftover variable. You cannot pull a variable out in front of
the integral symbol, so we must replace it with some expression in terms of u.

12 11
Jax@Ex-gttax=[ x (@x-8"@dY) = | (%)u”du = | [“— + SU—Jdu

u+8 u du 3 3
3
1(u®) 1(sy2 13 _qy\l2
355 )38 @B 2B
39 9
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Evaluate and check: [4x(2x +9)®dx

Using substitution to find definite integrals:

Example: Evaluate _" cos (x)dx = J' [cos (x)] cos(x)dx = j [1-sin (x)][cos(x)dx]
Note the trig substltutlon.

Method 1: Omit limits of integration until integration and back substitution are
completed. This is the method | usually use.

Let u = sinx, then du = cos(x) dx
3 3
[a-vhdu=u- ”? = sin(x) — 20X

3

Evaluate using original limits of integration:

4
s - 571 (5 )see (5) [ (55 5

=£_1££J3_{1_1(1ﬂ=ﬂ_£

2 3( 2 2 3\2 12 24

Method 2: convert limits of integration at the time of “u” substitution

Let u = sin(x), then du = cos(x) dx
Conversion of limits of integration:

n V2

d X n:>u L
=R 7T 6 2

= u=+/2
IX 72[1 sin (x)][cos(x)dx] J‘u_%/ 1-u )du
[ UTJ% J2 1[&}3 _[1 1(1)3] 52 11

2 3| 2
b
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Example: Evaluate I 9lnx dx letu=Inx, thendu-= ax

1 X X
2 27°¢
Iglnxdx=gj|nlxld—x=9IUdU:9 U_ =9 M =9 1_ :g
X X 2 2 L 2 2

2(e*+1 2 —x
Example: Evaluate J' | == |dx = | ,(L+e™)dx  letu= —x, then du = —xdx
2| e _

j_22(1+ e)dx = —[(1+e")du = - (u+e")= [x - e—x]f2

=2-e?-(2-e¥)=4-e 2 4¢?

T .
Evaluate IOA eS"* cos x dx

Integrals of symmetric functions

Suppose f is continuous on [-a, a]
. Iffis even [f(-x) = f(x)], then jfaf(x)dx - 2j§f(x)dx
3 3 ° ’ 243 456
_[ (—x4+3)dx=ZI (—x* + 3)dx =2{—X—+x} =2(——+3]=——
-3 0 5 0 5

o Iffisodd [f(—=x) = —=f(x)], then Ifaf(x)dx = 0: Example: '[_”” sin(x)dx = 0

Evaluate

e o3
tan6od o
=,
[*1x]dx

-4
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Solutions: Remember that you can check by differentiating your result!

[(8—4x)°dx Letu =8—4x; then dx =— 4du

1 5 _ 1o, Afu® 1 6 ~_ 1 6
—-—|(8-4x)°(-4dx) =——|uwdu =—=| — [+C=-—Uu"+C = ——(8-4x)" +C
5@ (40 =7 4( GJ 24 24840
[-12csc(3x)cot(3x) dx Letu=3x; then dx = 3du

4 csc(3x)cot(3x)(3dx) =-4[csc(u)cot(u)(3du) = 4csc(u) +C = 4csc(3x) +C

[x3\7x* —5dx Let u=7x*-5; thendu= 28xdx
1 . sy 1Y 1(2 3 1 o
— |V7x* =5(28x°dx) =—|u’2du = —| =u’?2 |+C = —(7x" -5)2+C
28‘[ ( ) 28'[ 28(3 42( )
Iex2+4x(x+2)dx Let u= x% +4x; thendu = (2x + 4)dx
1Ie)‘z“"<2(x+2)dx:1J'e“du =leuic = Lot
2 2 2
j4x(2x+9)8dx Letu=2x+9; thendu=2dx and x=%
u-9 u® aud 1(u®) 9f®
2(x(2x +9)(2)dx =2[—=(u)®du =2[| ——=——|du = 2| =| — |- | — | |+C
‘[( (2 '[2() I(Z 2] [2[10 21 9
10 10
:Li_o_ungC :%—(2“9)%0
10 9
Check: -&[ X9 _ oy 9 i c| = 10 B9 |2)_92x + 9)8(2)
dx 10 10

= (2)(2x +9)° —18(2x +9)® = 2(2x + 9)%(2x + 9 - 9) = 4x(2x + 9)® VOILA!

T . i
jo/z eS"* cos x dx let u = sin x; then du = cos x dx

[e" cosxdx = [e"du=e" = ™™

[esinx}% _ esin(%) _eO —e-1

0
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T
. jétan%’de Tangent is an odd function since tan(-0) = —tand. An odd power
/6
of tangent will still be odd, and the given function is continuous on the given interval.

T
Therefore, the answer isj{?tan?’ed@ =0.
/6

4 . . .
. j 4| X | dx Absolute value is an even function since | -x|=| x|, and the

function is continuous on the given interval. Therefore, j_44| X|dx = Zj;| x| dx.
4

4 4 x2
on [0, 4], |x|=x. So, 2[|x|dx=2[ xdx=|2"| =16
0 0 2 .
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