INTEGRATION USING TRIG SUBSTITUTION

Objective: Integrate Using Trig Substitution

Pythagorean ftrig identity. sin® x + cos® x = 1
From this identity we can quickly derive the other two related identities

sinzx coszx 1
2 T2 T
sinx sin®x  sin®x

=1+ c012x= csczx

= Tan2x+1=sec2x

sin2x coszx 1
2. T 2.7
cos“x cos“x cos” x

Example: Evaluate [ cos® xdx

Neither substitution nor integration by parts will work here because a factor of (sin x)
would be introduced.
Separate the cosine factor into a product and substitute using the Pythagorean identity

j cosS xdx = j (cos2 X e cosx)dx = f - sin® X) e cos x)dx

I(l ~ sin® X)e cos x)dx = j(l - uz)du let u=sinx = du= cosx
3 . 3
j(l—uz)du = u—u?+C = sinx- N X . ¢

General rule: Try to rewrite integrand involving odd powers of sine and/or cosine ina
form which has a single sine factor or a single cosine factor. [see next section if the
integrand has only even powers of sine and/or cosine.

Evaluate Isin3 xdx

If integrand contains only even powers of sine and/or cosine, use the following half-angle
identities

sin® x = %(1 - €c0s2x)

cos® x = %(1 + €0s2x)
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Example: Evaluate [ cos® xdx

j cos? xdx = J (cos2 x)2dx = j [% 1+ cos 2x)]2dx = %I (1+2cos2x + c0522x)dx
1

sin2x + 4 J'%(1+ cos4x)dx = % x+Lsin2x+sx+ &+

]

X +

y) sin4x)+ C

Bl D=

sin2x + - sindx + C

X + 32

Evaluate Isin 4xdx

A trig substitution may sometimes be used to get rid of a root sign: see Example 3 on p. 401

If you have a factor of Va? - x? ,let x = a(sino)
If you have a factor of Va2 + x? ,let x = a(tano)

If you have a factor of x% - a? , let x = a(seco)

Example: Evaluate J-Oz\m —x%dx if 0<6< Z
Let x = 2(sin@) , then dx = 2(cos#)d@

and a? —x2 =22 -22sin%¢ = 22(1—sin2 0) = 22 cos? 0

So, I\/ZZ —x2%dx = J'\/(Zcose)z 2c0s0dé = I(Zcos@)(Zcose)de = J'4cosz 0de
We now have 4J' cos? 0d@ , which we can integrate using a half angle formula.
4[cos®0do = 4[1(1+cos20)d0 = 2(6 + Lsin20)

It is easier to convert the limits than to change everything back in terms of x!
If x=0,then O =sin*X =sint0=0

N

If x=2,then 6 =sintX = sin‘11=%

N

[2(6 + Lsin20) | ;% =2(5+%sinz)-2(0+1sin0) =7

NJ

If you are finding an indefinite integral, you must convert back to the original variable! Problems
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#9-11 fall into this category. The conversion is best done using a triangle.

Example: In #9 the substitution is x = 3sind, so 6 = sin‘lé
3
sing=% X
0 3
[o_y2
The indefinite integral is J‘Q;ZXdX = —cotd-6+C 9—x?2
X
/ 2 lo_ v?2
In ferms of x, J.g;zxdx = —g—zx—sinx‘léJrC
X X

2 1
For inquiring minds: Evaluate j ————dt
V2 +39¢% -1

Let t= a(sece),where0s9<% or n§e<3?n,anda=1

[We restrict 0 to these intervals so than tan6 will be non-negative.]
t = secd = dt = sec6 tan06do
We must convert the limits of integration in this case.

V2 = seco = ﬁ: cos0 = iz = 0= cos_l(%] = % (domain of cos™1@ is [0, 7])
1 1 ~1(1 n
2 =sech = = cosf =~ = 0 =cos (—jz_
cosf 2 2 3

1 1 1
[——dt = | secOtan6d = | sec tanode
312 - 1 (sec 9)3\/(sece)2 1 (sec 6)3\/(’ran6)2

Since tan6 > O, \/(‘rcme)2 = [tan®| = tano

[2ectand gy - L _do = [(cos0)?dd = [L(t+cos20)d0  [double angle]
(sec0)” tan0 (secH)
T

_ 1], 1 /3_1{7T 1[%]%1}

= Llg 4 Lgingo|/3 = 1|2 1ja3 ] T, 1)

2[ 2 ]% 2|32 72) 712

—l[i+£_1j:L+£_l

2|12t 4 "2)"24% 8 "%

Integration Using Trig Substitution ~ p. 3
J. Ahrens 2001-2006



Solutions

. jsin3 xdx = j(l—coszx)sinxdx Let u = cos x; then du = -sinx dx

—I(l—uz)du = —(u—%u3)+c

—cosx+lcos3 X+ C or %cos3 X—cosx+C

. J'sin4xdx: [(sin?x)%dx = J.[%(l—COSZX)]ZdX = %1(1—2c032x+00322x)dx

- i 11 -1 1ai 1 1(1qj
X — sm2x+z'|'§(1+cos4x)dx = Zx—zsm2x+§x+§(zsm4x)+c

1
4
3y _ i 1 g

3 X S|n2x+3zs|n4x+C

1
4
1
4
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