USING INTEGRATION TO FIND THE AREA BETWEEN TWO CURVES

Objective: Find the area between the graphs of two curves
Consider the area between the graph of a continuous curve on [a, b] and the x-axis
. Iff(x) > Oon[a b], then A = j:f(x)dx

. Iff(x) <Oon[a b, then A = ‘I:f(x)dx = —jabf(x)dx = [*f(x)ax

Find the shaded area:

- A= ‘I:f(x)dx

+ j:f(x)dx

* Analyze the problem; do NOT just put absolute values on every integral!

Find the area between the graphs of y = sin(x) and y = cos(x) on {% ;z}

S

/l

* Always make a reasonable graph before trying to find the area between curves.

» Since the graph of y = sin(x) is above the x-axis on this interval, A, = I:/ (sinx)dx
2

* Since the graph of y = cos(x) is below the x-axis on this interval, A, = cos(x)dx

_ J'%
« Therefore, A= [* (sinx)dx — i cos(x)dx = A = i [sin(x) — cos(x)]dx
s b b
* NOTE: This is “top” — “bottom”.
* A= [-cos(x) + sin(x)]z, = —cos(r) + sin(r) — | —cos Zlisin|Z]|=2
i 2 2
* The previous example could have been considered the area between the graphs of vy

=0 andy = f(x) on [a, b] and the area between the graphs of y = f(x) and y =0 on
[b, c]..
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Find the area between the graphs of y = sin(x) and y = cos(x) on [0, 7]

» First find all x-values on this interval where the graphs intersect.
* The only point where sin(x) = cos(x) on [0, ] is at x = %

* cos(x) > sin(x) on {0, %}
« The areaon {0, %} is A = f;%cos(x)dx - L;%sin(x)dx
* sin(x) > cos(x) on [% 7[}
« The area on {Z, ;r} is A, = _[” sin(x)dx — j” cos(x)dx
4 Va a
* The total area on|0, z] is j%[cos(x) —sin(x)]dx + j” [sin(x) — cos(x)]dx
0 i

T

= [sin(x)+cos(x)];% + [—cos(x)—sin(x)]iy
4

=[£+£J—(O+1)+(1—O)—[—£—£J =242

2 2 2 2

If f(x) and g(x) are continuous and f(x) > g(x) on [a, b], then the area bounded by the graphs of
f(x), g(x), x=a,and x =bis j:[f(x) — g(x)]dx “top” - “bottom”

Find the exact area between the graphs of y = sin(x) andy = —gx +2 on [0, 7] .
T
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To find the area between the graphs of two continuous functions f(x) and g(x) on [a, b],
where f(x) > g(x), draw a typical rectangle, and label its width and height

y = cos(X)

y = sin(x)

* The width of the rectangle is (dx)
* The height of the rectangle is [f(x) - g(x)].

. Itsareais j:[f(x) _ g(x)]dx

» This approach is going to be important for the next section!

The area between y = cos(x) and y = sin(x) on {% n} IS L; [sin(x) — cos(x)]dx =2
2

Find the area between the graphs of x = y? and y — X = 2
on -2<y<3

fly) =y? and g(y) =y - 2
» The width of the rectangle is (dy)
* The height of the rectangle is [f(y) - g(y)]-

. lItsareais jyy_:[f(y)-g(y)]dy “fight” — “left”

The area between x = y? and x =y — x is Ifz[yz —(y - 2)dy = I_32(y2 —y+2)dy = %

If f(y) and g(y) are continuous and f(y) > g(y) on [c, d], then the area bounded by the graphs of
. ¢d
fy), 9@y), y=c,andy =dis [ [f(y) - g(y)ldy .

Find the region enclosed by the given curves: 4x+y? =12, x =y
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Solutions

From the graph it appears that the graphs intersect at

T
X==andXx= rx.
2

Check by substitution:

2(rx (T
01 _— = —— — = —
[0, n] x[-1, 2] y (2j+2 land sm(zj

T

y=-2(x)+2=0 andsin(z) =0
T

T

_ T/ 2 , (. 2
A= _[02 —Zx+2-sinx dx+I% S|nx+;x—2 dx
- [
+

= [—lxz F2X+ cosx}
0

1, i
—COSX +—X“ —2X
T

§ %

(—E+n+0] (O+O+1)+(1+n+2n)—(0+£—nj:(EJ
4 4 2

° X:y

Dy

—
2
x =127V 7F
4

Since no interval is given, we must find the points of intersection of the graphs.
Since 4x+y? =12 and x=y, 4y+y2 =12 andy=2andy = — 6.

2
_ye2 12 -y? ~ _ (2 _ﬁ_ _ﬁ_ﬁ
A yze( 2 dey Jy- 6(3 7 Y| Y=Y .

= __2_2__] +18 —18) = =
6 (-18 8 8) 3
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