INFINITE SEQUENCES AND SERIES

8.7 Taylor and Maclaurin Series
Objective: Express a given function as a power series

|. Suppose that f is any function that can be represented by a power series

¥
A f(X)=é.cn(x-a)n | x- al|<R
n=0
. . f"(a) .
B. Its coefficients are given by ¢, = - [See p. 608-9 for derive
n!
¥ ¥ ¢(n)
fx)= § ca(x - af :éfn('a)(x- a). [Note: 0!'=1and f(© =
n=0 n=0 ’

Il. Taylor series of the function f centered at a:
A 100 =fa) + 0 x- a) + - a2 + B (a4

B. Iffcanbe represented as a power series about a, then fis equal to the sum
Taylor series.

C. There are functions that are not equal to the sum of their Taylor series.
[see Exercise 50]

[1l. Maclaurin series [Special case of Taylor series with a = 0]

X ¢
=8 - ( )(x)” = f(0) + fQO)x + ”;?) X2 + f"go)x?' .
n=0

IV. Find Maclaurin series of f(x) = e* and its radius of convergence [‘Maclaurin” b ¢

A. Iff(x) = e, then f™V(x) = e* P f™(0) = &° = 1 forall x.
f

¥
(n)(O)(X)n = 3 £_1+£+£+£+_..

! A n! 120 3l

n
C. Tofind radius of convergence, let a, = X_'
n!

n+1
An+1

ap

X n!
(n+1) x"

2. By the Ratio Test, the series converges forall xand R = ¥.

1. lim
n® ¥

= |im
ne® ¥

_ . 1
=| x| lim
n® ¥n + 1

=0 < 1 forall x.




¥ n ¥
3 X o 1 1.1, 1
= — forallxand e = — =1+ —+—F—+ ...
,eon! nagon! 120 3l

V. Find the Taylor series for f(x) = ¢* ata = 2.

A. fM(2) = e?; let a = 2 in definition of Taylor series.

g (n)( ) ¥ eZ .
B. Then . —(x- 2" = a n'(x- 2)" for all x. [R=¥]
n=0 n=0
VI Iff(x) = T,(x) + R, (x), where T, is the nth-degree Taylor polynomial of f at a and

I|®m¥R (x ) =0for | x - a |< R, thenfis equal to the sum of its Taylor series on the
n

interval | x - a | < R. We would need to show that lim R (x) =0
ne® ¥

VII. Taylor's inequality is usually used to show Ii@gn¥ R,(x) = 0.
n
If |f"*D(x)|£ M for |x - a|< R, then the remainder R_(x) of the Taylor series

[Ra(x)| £

M XAl e x- a <R

Xn

VIII. Important fact: Ii(én¥—' = 0 for every real number x.
n® ¥ n!

IX. Important Maclaurin series

A. 11X=1+x+x2+x3+... I=(-1, 1)
3 x" x  x2  x3
BeX:a_=1+_+_+_+. | (- ¥, %)
2o ! 1T 2 3
¥ 2n+1 3 5 7
C.sinx= g ()" ~— =x- X4 XX, = (- ¥,¥)
aren+ ) 3l 51 71
¥ 2n 2 4 6
D COS X = 2 - nX = _X_+_-X_+ | ¥ ¥
naz-o( )(2n)' 21 41 6 %%
¥ 2n+1 3 5 7
E tan1x:° -1”X =x- 2+ 2 2. =111
a ( )2n+1 3 5 7 [ ]



X. Use the definition of a Maclaurin series to find the Maclaurin series for f(x) = X

1- x
Assume f has a power series expansion. Do not show that Ii(én¥ R,(x) = 0.
n
A. Find the coefficients:
n f(”)(x) f(n)(o)
0 X 0
1- X
1 1 1
(1- x)?
2
2 2
(1- x)’
3 3.2 . 3.2
(1- x)
4 4'3'5 44342
(1- x)
etc.
4
B. _X_ =f0)+ 110, , 140),> , 1®0) s  190),
1- x 1 2! 3! 4!
¥ ¥
=O+ 1X+£X2 EX3+EX4 :é‘_!xnzéxn
! 2! 3! 4! n!
n=1 n=1
n+1
C. lim |2} = Jim = lim |x|=|x|<1Pb R =1
n® ¥| a, n®¥| x" ne ¥
XI. Find the Taylor series for f(x) = cosx ata = %
A. Find the coefficients:
(n) fme P o
n f (X) 8 45
0 COS X ﬁ
2
1 - sinx £




2 - COSX

3 sin x
4 COoS X
etc.
g€ PO
B. cosx=fE PO, fﬂgp—ga?(+p—2+ é 4o% P
& 45 4 g 4 2! % 4

C. cosx=—"—+ X —_
2 1" & 45 20 &
JE/ 4
+_ /2% PO 4
4 &  4g
é ) 2 :
D cosx=£é1+a§<+29- ia§(+gg _ia§(+3_
2 g & 45 28 45 31E 4
[n(n-1)]/ oo g
N (-1 2 X+%+
E. cosx= a g
2 120 n!
[n(n-1)]
(1) g+ El
F.Ifa, = 4¢  then lim |2
n' n® ¥ an
x+ 2
= fim n+:‘ —0<1foralinb R = ¥
n
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Xll. See Example 8 for Newton’s method of integration by first expressing the function .

power series.

Xlll. Power series can be added, subtracted, multiplied and divided like polynomials.

Example 10 for multiplication and division of power series.



