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FIGURE 5 Interval of convergence of a
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Applying this recursion relation k times, we obtain the closed formula

= ) () ()= i
s dk(k+ 1)) \ 4k — Dk 41)Q2)) K k+1)

Thus we obtain a power series representation of our solution:

o~ (=D
F(x) = J2k+1
@ =2 Fwernr
k=0
A straightforward application of the Ratio Test shows that F(x) has an infinite radius of
convergence. Therefore, F(x) is a solution of the initial value problem for all x. m

10.6 SUMMARY

* A power series is an infinite series of the form

F(x) =) a(x —c)"

n=0

The constant c¢ is called the center of F(x).
* Every power series F(x) has a radius of convergence R (Figure 5) such that

= F(x) converges absolutely for [x — ¢| < R and diverges for |x — ¢| > R.
— F(x) may converge or diverge at the endpoints ¢ — R and ¢ + R.

We set R = 0 if F(x) converges only for x = ¢ and R = oo if F(x) converges for all x.
* The interval of convergence of F(x) consists of the open interval (¢ — R, ¢ + R) and
possibly one or both endpoints ¢ — R and ¢ + R.

* In many cases, the Ratio Test can be used to find the radius of convergence R. It is
necessary to check convergence at the endpoints separately.

« If R > 0, then F(x) is differentiable on (¢ — R, ¢ + R) and

Fl(x) = Zna,,(x — o)1, f F(x)dx = A+ Z !‘:’_‘ T (x = c)rtl
!

n=1 n=0
(A is any constant). These two power series have the same radius of convergence R.
(o]
= Z x" is valid for |x| < 1.1t can be used to derive expansions

n=0
of other related functions by substitution, integration, or differentiation.

« The expansion 1

10.6 EXERCISES

Preliminary Questions

1. Suppose that Z apx" converges for x = 5. Must it also converge 3. What is the radius of convergence of F(3x) if F(x) is a power
for x = 47 What about x = -3? series with radius of convergence R = 127
o0
2. Suppose that za" (x —6)" converges for x = 10. At which of 4. The power series F(x) = Z nx" has radius of convergence
the points (a)— t it also converge? ) n=l . i
S oIS (AF-(0) mnst R = 1. What is the power series expansion of F/(x) and what is its

(@) x=38 (b) x =11 (€) x=3 (@d x=0 radius of convergence?
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Exercises

1. Use the Ratio Test to determine the radius of convergence R of
o0

X .
Z o Does it converge at the endpoints x = £R?
n=0"
‘_t!
2. Use the Ratio Test to show that Z L has radius of conver-

n=1
gence R = 2. Then determine whether it converges at the endpoints

R =42.

3. Show that the power series (a)—(c) have the same radius of con-
vergence. Then show that (a) diverges at both endpoints, (b) converges
at one endpoint but diverges at the other, and (c) converges at both
endpoints.

o0 P oo o

@ > ® ) © Z ==
n=1 n=I n=l

4. Repeat Exercise 3 for the followinu series:

e VY ) |
Wy o Z L= © Z hn

n=I n=I n=I1

n

0o
5. Show that Z n"x" diverges forall x # 0.

n=0
o0
6. For which values of x does Z: n!x" converge?
n=0
9 4
7. Use the Ratio Test to show that Z —— has radius of convergence
R = J_ n _0
O 3+l
8. Show that Z G has radius of convergence R = 4.
n=0

In Exercises 9-34, find the interval of convergence.
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In Exercises 35-40, use Eq. (2) to expand the function in a power series
with center ¢ = 0 and determine the interval of convergence.

35. f(x) = T 36. f(x)= T3

1
3. f) =3 8. f0) =173,
9. - 4 N L - —
o bl 14 x2 0. 1) 16 4 2x3
41. Use the equalities

1 1 3
I-x =3-G-49 1+(35%)

to show that for [x — 4| < 3,

g Z( 1]"+l (x — 4]”

T
n=0 3
42. Use the method of Exercise 41 to expand 1/(1 — x) in power series
with centers ¢ = 2and ¢ = —2. Determine the interval of convergence.

43. Use the method of Exercise 41 to expand 1/(4 — x) in a power
series with center ¢ = 5. Determine the interval of convergence.

44. Find a power series that converges only for x in [2, 6).
45, Apply integration to the expansion

1
1+x

“Z( ])ﬂ"‘_l—.\,']')\ +__
n=0

to prove that for —=1 < x < I,
oo —
—1yn—lyn . x R
In(1 + x) = Z{_)_"_ RN T S

n 2 3 4

n=1
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46. Use the result of Exercise 45 to prove that

3 S L
272 2.2273.23 4.0
Use your knowledge of altematmg series to find an N such that the
partial sum Sy approximates In 2 5 to within an error of at most 1073,

Confirm using a calculator to compute both Sy and In 2 5
47. Let F(x) = (x + D In(1 +x) — x.

(a) Apply integration to the result of Exercise 45 to prove that for
-l<x<l,

1
Foy = 3yt X
o nn+1)
(b) Evaluate at x = % to prove
3,3 1__1 1 1 L,
272 2 1.2:2 2.3.23 3.4.2% 34.5.5

(¢) Use a calculator to verify that the partial sum Sy approximates the
left-hand side with an error no greater than the term a5 of the series.

48. Prove that for |x| < 1,

f dx ) .1'5+x9
P e

Use the first two terms to approximate f 172 4y /G4 +1) numerically.
Use the fact that you have an a]tematmc series to show that the error
in this approximation is at most 0.00022.

49. Use the result of Example 7 to show that
4

2 g4 46,8
F - = — N—— - il PR
W=1z"33tss 73+

is an antiderivative of f(x) = tan—!x satisfying F(0) = 0. What is

the radius of convergence of this power series?

50. Verify that function F(x) =xtan~!x — % log(x2 + 1) is an anti-
derivative of f(x) = tan—! x satisfying F(0) = 0. Then use the result
of Exercise 49 with x = _.‘/Lg to show that

i—llni— I 1 + 1 "
63 2 3 1-23) 3.432) ' 5.6(3%) 7-8(3%

Use a calculator to compare the value of the left-hand side with the
partial sum Sy of the series on the right.

o0
n P
51. Evaluate Z: o Hint: Use differentiation to show that
n=1

o0
(1 —x)_z — Z nx! (for [x] < 1)

n=|]

52. Use the power series for (1 + x2)~! and differentiation to prove
that for |x] < 1,

2x R n—1 2n—1
ke = amx

n=1

53. Show that the following series converges absolutely for |x| <1
and compute its sum:

Fx)=1 —.t—x2+x3 —xt o +x6 —x7 L
Hint: Write F(x) as a sum of three geometric series with common ratio
]
X2

54. Show that for |x| < 1,

14 2x

ﬁ-:l—z=l+x—2x2+x3+.r4—2x5+x6+x7—2x8+'--
x E

Hint: Use the hint from Exercise 53.

00 4 n?
55. Find all values of x such that Z —— converges.
n!

n=l

56. Find all values of x such that the following series converges:

Fx)=1+3x+x2+27x3 + x4 + 24355 1 ...

00
57. Find a power series P(x) = Z apx" satisfying the differential

n=0
equation y’ = —y with initial condition ¥(0) = 1. Then use Theorem
1 of Section 5.8 to conclude that P(x) = ¢™*.

2 4 6

5 N e L N
58. LnetC‘(.ﬂu.)_l—ZI-i-41 6!+- i
(a) Show that C(x) has an infinite radius of convergence.

(b) Prove that C(x) and f(x) = cos.x are both solutions of y” = —y
with initial conditions y(0) = 1, y(0) = 0. This initial value problem
has a unique solution, so we have C(x) = cos.x for all x.

59. Use the power series for y = ¢* to show that

1 ] 1

1

e 20 314
Use your knowledge of alternating series to find an N such that the
partial sum Sy approximates ¢! to within an error of at most 10=3.
Confirm this using a calculator to compute both Sy and ™!

60. Let P(x) = E anx" be a power series solution to y’ = 2xy with

n=0
initial condition y(0) = 1.

(a) Show that the odd coefficients ayy | are all zero.

(b) Prove that ay = ag;_3/k and use this result to determine the co-
efficients ayy..

61. Find a power series P (x) satisfying the differential equation

5]

with initial condition y(0) = 1, y’(0) = 0. What is the radius of con-

vergence of the power series?

62. Find a power series satisfying Eq. (9) with initial condition y(0) =
0, y'(0) = 1.



