INTEGRALS

5.1 Areas and Distances

Objectives: Find area under a curve and total distance traveled by a car

|. Estimate the area under the graph of f(x) = .5x3 - 2.5x? + 3x + 3 (and above the x-axis)
from x = 1 to x = 3 using 4 rectangles.

) ) b-a 3-1 1
A. The width of each subinterval = Dx = - = ) = 3

B. Using left endpoints: height of each rectangle = function evaluated at left endpoint.

i-SCHLE=1 :
r=SCALE=D
HREACLY=6.625

1 3

A » L, = Dx«f(1) + Dx+f(1.5) + Dx+f(2) + Dx«f(2.5)
= 18§i+ﬂ+3+ﬁi-j=6.625

2& 16 16 »
C. Using right endpoints: height of each rectangle = function evaluated at right
endpoint.

- SCALE=1 :

- SCALE=D

REERCRI=E.12E /

1 3
A » R, = Dx«f(1.5) + Dx+f(2) + Dx+f(2.5) + Dx«f(3)

18@ +3 +£+ 39: 6.125
2%16 16 g



D. Using midpoints: height of each rectangle = function evaluated at midpoint.

i-SCHLE=1
r=SCALE=D
HEEACH)=6.712E

St

1 3

A » M, = Dx-f(1.25) + Dx-f(1.75) + Dx +f(2.25) + Dx~f(2.75)

_ 1ee489 N 419 N 357 3510

— = 6.3125
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E. Exact area

[
f

F. The estimate can be improved by using a larger value for n.

ARERCLI=B.BEE
AREACRI=B.12E
AREACHI=6.Z12E
AREA=B. 23353353

Il. Find the area under the graph of y = x? fromx =0to x = 1
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B. Rn:——9+ 0+ 0+ O+,,,+_ _9
n%n;&; n%ng ngng ngng n%n;&;
1 (2492 192 442, 2
R, _3(1 +22+32 +4 n)

C. Use mathematical induction to prove that

Ai2=P+2+52 442+ 42 = MO HD
i=1 6
D A= im L@+ DR+ N6 adn +1)2n + )6
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. 1la+16a2n +10 1 &
= |lim — = == im — +—-
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E. |aRERILI=.Z0B7E i

AREACRI=.ZEAPE
AREACHI=. 333125
HREA=.3333333%
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lll. Finding an infinite sum

n
Find @ k=1+2+3+4+% +(n- 2)+ (n- 1)+n
k=1

A. Case 1: Suppose nis even

1. Then én_k:(1+n)+[2 +(N-1N+[3+(n-2)]+[4+(n- 3)]+Y%
k=1

n
a. There are E terms

b. Bachterm=n+1
n n(n + 1)

C. k:E(n+1): , if nis even
1

,Ilr QJO:

B. Case 2: Suppose n is odd

1. Then én_k:(1+n)+[2 +(n-MN+[83+(n- 2)]+Y +MT
k=1

n-1 n+1

2. There are terms of (n + 1); middle term =

5 am- 106 am+1_nn+1) ., .
3 k=c——i(n+1)+ o= , if nis odd
ka:1 8 2 g 8 2 g 2
: . . n(n + 1)
C. It appears that the sum of the first n integers is always , but we

proved it!

IV. Proof by mathematical induction - see handout on my web site

n
Prove that § k = n(n + 1)

k=1

n(n + 1)

Let S, be the statement you are trying to prove, i.e. S, = >

1
3

have not



A. Prove that S, is true for the first 2 or 3 integers

1
1. Ifn=1,then § k = 1(12+1) =1 and1=1,so0 S is true.

k=1

2
2. Ifn=2 then § k = 2(22+1) =3 and 1+2=3,s0 S, is true.
k=1
3

3. Ifn=3 then § k = o1
k=1 2

B. Assume that Sy is true for some integer j 3 1.

=6 and 1+2+3=6,s0 Sjistrue.

That is, é k = @ is assumed to be true.
k=1
C. Prove that Sy.4is true whenever S, is true
Bl S04 Ly 2 64D L 2641 _ G+ +2)

k =
ka=1 2 2 2 2
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n
D.\ S,= k= n(n2+ L is true for all positive integers n
k=1

V. Find the fotal distance traveled by the car in Example 4 on p. 357

A. Note that conversion of units is necessary in this problem
17m|. 1hr .5289ft — 25ft/s
hr 60s 1mi
B. Each time period is 5 s long; we will use the velocity at the beginning of each time

period

Distance traveled =rt = 255 + 315 +35 &5 +43 5 +47 5 + 465

= 1135 ft
C. Using the velocity at the end of each time period gives 1215 ft



