INTEGRALS

5.3 Evaluating Definite Integrals

Objective: Evaluate definite integrals using the evaluation theorem

l. If fis continuous on [a, b], then the definite integral of f from x = a to

n
Xx=bis (‘if(x)dx = lim & f(x; )Dx = F(b) - F(a), where F is any antiderivative of f.
ne ¥, _,

Since F can be any antiderivative, we may choose to let C = 0!

Il. Evaluation theorem: (‘5 f(x)dx = F(b) - F(a)

.4 . .
ll. Find 05(X2 - 4)dx and interpret the result in terms of areas.

6,43 0 653 a
=& - 4w - &2 - 4-5)4=27
g H & H
1. (‘)'52 (x2 - 4)dx » Mg = 26.9375
> & 3 0 6 o3 a
&, 02 - a)dx = & ? - 4-20 - & g’) . 4-5)a=27
g H & H
2. 9,02 - 4)dx » Mg =-10.75
603 0 & 3 a
& 6 - 4)dx = é_(zg - 42)a- & ?2)) 4- 2= - %
g H & H
N
3. o) (x° - 4)dx » M, =10.625
61\3 0 63 a
& 2 - aax = 8% - 4@a- 88 - 4@)a=2
g H & H



b Y

4, 05(x2 - 4)dx » M;g = 26.8125

4 32 32
) - A)dx = 27 - 22 422 =07
05(x )dx 3 3

C. The integral equals the sum of the areas above the x-axis minus the areas below the x-axis

4
IV. Find the exact value of ¢ (x2 - 4)dx
A. Applying equation 3 from Section 5.2 [p. 358]
4
Q % - 4)dx = %

B. Using the evaluation theorem from Section 5.3 [p.369]

] 4 a4 3 -
O 7 - a)dx = & - axd = 84 44y 4- g(o) _ 40)G=18
g3 Bo & 3 H &3 o3

V. Theindefinite integral ¢y(x)dx is a function.

A. The indefinite integral ¢y (x)dx is the set of all antiderivatives of the function F(x),
where fgx) = F(x).

B. Example: (‘)idx =In|x|+ C
X

1. Cis called the constant of integration.
2. C may be any real number, but can only be evaluated if an initial condition is given

VI. The definite integral é)f(x)dxis anumber.

el £ u
Example: Q ;dx = gn|x|(l =In(e)-In(1) =1
e U

VII. KNOW the table of indefinite integrals on page 372

A. These formulas are only valid on closed intervals where the function is continuous

B. Of(x)dx =F(x) O Féx) =f(x)
VIIl. Total change theorem

A. Ify=F(x), then Fgx) represents the rate of change of F(x) with respect to x, and
F(b) — F(a) is the total change iny when x changes fromato b

B. g Fédx = F(b) - F(a)
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IX. The (ever-popular) moving particle problem: A particle moves along a line with velocity of
v(t) = (t? - t- 6)m/s attimet.

A. Find the displacement of the particle fromt=1stot=4s

1. Displacement = change in location relative to starting point

) . s o U
s(@)-s(1)= § v(tdt = ¢ (? - t- B)dt = gg- —- 6ty =- 5 =-45m
g i,

2. This means the particle is now located 4.5 m left of its starting point
B. Find the total distance traveled during this time period

1. Recall that speed = |v(t)|=|({t-3)({t+2)]|
v(t) <0 on (1, 3) and v(t) > 0 on (3, 4)

2. Total distance traveled = Q4 |v(t)|dt = - (‘f v(t)dt + (‘fv(t)dt

3.2 40
=-Q (- t-e)ydt+q(t°-t- 6)dt

é u e u

=3 2 - at3 2 7
:_gt__t__6tl,l +§t__t__6tl,‘ :6_1»10.17m

€3 2 U €3 46

8 Hl 8 H3

3. This means the particle has moved a total of approximately 10.17 m during the time
the period fromtimet=1stot=4s.

C. Visualization of the motion of the particle

Lat starting location = 0

< I 8 I &—8— I I I *+—>
-10 - - -7 B -5 -4 -3 -2 -1 i}
path of particle (‘ < >
timetinsec | 3 2 4 1
displacementin m | -22/3 -31/6 | -4.5 0
velocityinm/s | O -4 6 -6
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X. General motion of an object
A. If an object moves along a straight line with position function s(t) at time t,
1. Then its velocity is v(t) = s¢t) attime t, (speed = | v(t) |)

2. And 62 v(t)dt = s(t,) - s(t;)is the total change of position, or displacement, of
1

the particle during the period from time t, to time t, .

B. If the velocity function of the object is v(t) at time t,

1. Thenits acceleration (change in velocity) is a(t) = v&t) attime t,
t

2. And (‘f a(t)dt = v(t,) - v(ty)is the total change in velocity from time t, to
1

time t, .

XI. Applications of the integral to find total change (see p. 374-5)
A. If V(t) = volume of water in a reservoir at time t,

1. Then V@) is the rate at which water flows into (or out of) the reservoir at time t,

t
2. And QZ V@&)dt = V(to) - V(ty) is the total change in the amount of water in the
1

reservoir between time t, and time t,

B. If [C](t) is the concentration of the product C of a chemical reaction at time t

1. Then the rate of reaction is %[C] attimet,

2. And N2 ﬂ =[C|(t,) - |C]|(ty) is the total change in the concentration of C
Q “at ? '

1
fromtime t, totimet,.

C. If the mass of a rod measured from the left end to point x is m(x),

1. Then thelinear density (change in mass per unit length) is fi(x) = m¢x) at point x,

2. And Qb r (x)dx = m(b) —m(a) is the total mass of the segment of the rod that lies

between x =a and x = b.
D. If n(t) represents a population at time t,

1. Then therate of growth (or decay) of the population is % at time t,
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2. And 612 % =n(t,) - n(t,)is the total change in the population during the period
period from time t, to time t ,,
E. If C(X) is the cost of producing x units of a commodity,
1. Then the marginal cost of producing the (x+1)*' unitis C¢x) ,

X2 dC
d Q<1 —

2. An : = C(x,) - C(x,) is the total increase in cost when production is

increased from x4 units to x, units.
F. Power is the rate of change of energy: P(t) = E¢t) .
XIl. The unit of measurement for Qb f(x)dx is the product of the unit for f(x) and the unit for x

Example: A particle moves along a line with velocity of v(t) = (t2 - t - 6)m/s attime .

Displacement = s(4) —s(1) = Q4 v(t)dt = (‘f(t2 - t- 6)dt = - 4.5m,

because v(t) is in m/s and dt is in s, therefore the product is in % (s) =m.
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