INTEGRALS
5.5 The Substitution Rule
Objective: Evaluate integrals using the substitution rule to change variables
|. The substitution rule

If u = g(x) is a differentiable function whose range is an interval |, and f is continuous on
[, then

Ofla(x)1gkx)dx = f(u)du
Il. Using substitution to find indefinite integrals: General steps

A. Choose the quantity which “u” will represent. You must be able to differentiate “u”:
common choices include

Quantity which is raised to a power
Quantity which is the argument of a function
Higher power if multiple powers are involved
Exponent of “e”
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Find the differential du

Rewrite given integral in terms of u and du
Substitute, using a substitution factor if necessary
Integrate

Back substitute
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[ll. Using substitution to find indefinite integrals: Examples
A. Evaluate ¢yl2x%4/4x® +7dx let u = 4x3 + 7,then du = 12xdx
1
012x244x3 +7dx = §4x> +7)4 (12x2dx)

- y2du =§u%+C:§(4x3 £7Y2 4C
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B. Evaluate ¢)/(5x - 7) 4dx = Q5% - 7) Adx let u = 5x + 7, then du = 5dx
7
—0(5x- 7/53(5dx) _—O(u/du = 1? 54 C:%(5x— 75 +C
C. Evaluate gBcos(4x)dx let u = 4x, then du = 4dx

oBcos(4x)dx = 2¢gcos(4x)(4dx) = 2gcos(u)du = 2sinu +C = 2sin(4x) +C



D. Evaluate ¢2x%(2x® +1)"dx let u =2x3 +1, then du = 6x%dx

86 3 4 1\8
02X2(2X3+1)7dx=%(2x3+1) (6x)-— 7d _1?__ _%,{C

. T(x2-1) dx
(x> - 3x +1)°

let u =x3- 3x +1, then du = (3x? - 3)dx or du = 3(x? - 1)dx

E. Evaluate

. T(x2-1) 7 1 2
dx = — [3(x~ - 1)dx]
0(x3 - 3x +1)° 3 0( 3. 3x +1)°
) -
(j.j'sdu—Z 6Qj—:+C= 3 ! = +C
3 3 5% 15(x° - 3x + 1)
F. Evaluate dcosS(St)]sin(St)dt let u = cos(5t), then du = - 5sin(5t) dt
Joos3(5t)]sin(5t)dt = - %(‘jcos(5t)]3[— 5sin(5t)dt] = - %(‘y%u
46
= _ 1aﬂ_++C =- icos4(5t) +C
4= 20
G. Evaluate gfan(x)dx = ¢ SIN(X) gy let u = cos(x), then then du = - sin(x)dx
cos(x)
SN g = 20U 1G] +C = - In [cos(x)] + C
cos(x) u
H. Evaluate (»x(3x - 8)"'dx letu=3x - 8, then du = 3dxand x = 1 ; 8
O3X(3x - 8)dx= ¢)(3x - 8)'"(3dx) = Nl 8(--ju”du = aiﬁ +—8u11 gdu
o 03 5 (ﬁ 3 3 5

13 % 12 § _ q\13 _ q\12
_1&®C0 13y +c = (3x-8) +2(3X 8) +

B} EER 3§12— 39 9

IV. Using substitution to find definite integrals: Examples

A. Evaluate 3(x)dx = ¢y2[cos? dx = g4 - sin? d
valuate Q// cos’(x)dx (;é [cos“(x)]cos(x)dx (% [1- sin“(x)][cos(x)dX]
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1. Method 1: omit limits of integration until integration and back substitution are
completed

a. Let u = sinx, then du = cos(x) dx
3 .3
b. o1- u?)du = u - u? = sin(x) - Sin_ X
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c. Evaluate using original limits of integration:

_ . ap0o 1 _3am0d é. apo 3ap ou
= SIN 0—_-- —SINn —_-- ASIN p.— -- —SIN — =17
845 3 &4 & &6g &6
2 1®206 & 1melU 52 11
= —_—— - — —_— —e—__ _+u_—__
2 3§25 g2 3&gH 12 24

2. Method 2: convert limits of integration at the time of “u” substitution

a. Let u = sin(x), then du = cos(x) dx
b. Conversion of limits of integration:

5

x=E® u:—andx=E®u:
4 2 6
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c. 04[1 - sin2(x)][cos(x)dx] = (‘)/ (1- u?)du

. 2 3 X
_ gu_ﬁgézﬁ_i 326 €1 1a89_5/2 11
6 3g; 2 3825 g2 3&2pg 12 24
e
B. Evaluate Qg'”xdx let u = Inx, then du = X
X X
L 9Inx R dx . 5,2 U é 20° N
dx = 9@n|x|— =9¢pdu = ggu_gz 9§M@ = ggel_ 02=
X e2g e 2 g 2 8
X 4106
C. Evaluate 62 oo +‘|+dx= (‘)2 (1+ e X)dx letu = -x, then du = - xdx
2g eX B 22

L, 2
()22(1+e'x)dx =-Q1+eY)du= - (u+e’) = & - e *U

IV. Integrals of symmetric functions

Suppose f is continuous on [- a, a]

A. Iffis even [f(- x) = f(x)], then (‘): f(x)dx - 2(;5’ f(x)dx

Example: ()_33(- x4 + 3)dx = 2@5’ (- x4 + 3)dx

B. If fis odd [f(- x) = - f(x)], then Qaa f(x)dx = 0: Example: (‘!pp sin(x)dx =0



