INTEGRALS

Section 5.7 Integration Using Trigonometric Substitution

I. Pythagorean trig identity: sin x + cos® x = 1

From this identity we can quickly derive the other two related identities

L 2 2
sin” X  €o0s” X 1

A ——t——=— b 1+cot?x = csc®x
sin®x  sin“x  sin“x

.2 2
sin” X  cos X 1

B. 5+ 5— = b tanzx +1= seczx
cos™ X €o0S” X cos” X

I1. Evaluate (‘)0033 xdx

A. Neither substitution nor integration by parts will work here because a factor of (sin x)
would be introduced.

B. (")cos?’ xdx = b(coszx- cosXx)dx = (- sirf ) - cos X)dx

oQ- sirf X) - cosx)dx = (1 - u2)du letu=sinX b du=cosx
3 . 3
o - u2)du =u- u?+c = sinx- 21 X, ¢

C. General rule: Try to rewrite integrand involving powers of sine and/or cosine in a form
which has a single sine factor or a single cosine factor. [see next section if integrand has
only even powers of sine and/or cosine.

I11. Evaluate (‘)cos4 xdx

A. IT integrand contains only even powers of sine and/or cosine, use the following half-angle
identities

2

1. sin“x = %(1- COS2X)

2. cos®x = %(1+ COS 2X)

2
B. @cos4 xdx = @(cos2 x)2dx = (‘)[% @+ COSZX)] dx = %C)(l +2C0S2X + 00522x)dx

-1 1 .. 11 — 1 ; L 1 (L g;

= Xt gsin2x+x 07(1+cos4x)dx = gxt 4S|n2x+8x+8(43|n4x)+c
-3 1 o 1 i

—8x+4sm2x+3zsm4x+c
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IV. A trig substitution may sometimes be used to get rid of a root sign

A. Ifyou have a factor of vaZ- X2, letx = a(sin q)
B. 1fyou have a factor of VaZ + x2 , let X = a(tanq)

C. Ifyou have a factor of \/X2 - a? , let X = a(secq)

2 1
V. Evaluate O ———dt
22 SV - 1
p

A. Lett:a(secq),whereo£q<5 or p£q<32—p,anda:1

[We restrict g to these intervals so than tan g will be non-negative.]
B. t=secq P dt =secqtanqdq
C. We must convert the limits of integration in this case.

1. «E:secqzib cosq=i P g=c _1§e_g: (domain of cos’ q is [0, p])
cosq 2 25
1 1 -1l p
2. 2=secq = b cosq=— P g=cos =
q Ccos q a 2 f €20 3
\ 1 1 N 1
3. o0 7—=dt=\ secqtanqdq = Q secqtanqdq
Ve - 1 (seca)®y(secq)? (seca)®y(tanq)?

4. Since tanqg 3 0, 1/(tan q)2 = |tang| = tanq

. secqtang dq = O(cos q) dg = %(1 + c0s2q)dq [double angle]

(sec q)3 tan q (sec q)
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