INTEGRALS

Section 5.7 Integration of Rational Functions by Partial Fractions

Objective: Evaluate integrals using partial fraction decomposition

l. Any rational function (a ratio of polynomials) can be integrated by expressing it as a sum of

simpler fractions
Degree of numerator is greater than or equal to degree of denominator - perform

Il. Case 1:
the long division first
3 . 3 2
o 3de: K2 x- 2+ 2 Odx = X - X 2x+2In|x+1|+C
X+1 (% X+1lg 3 2
lll. Case 2: The denominator is a product of distinct linear factors, where no factor is

repeated

A. Background from addition of fractions

1 2 1 _2x+2)-1x-1) _ x+5
Tx-1 x+2 (x- 1+ 2) X% +Xx- 2
[painfully!]

2. How do we undo this process?

+ . . . .
X+5 . dx using partial fraction decomposition

B. Integrate 0————
X° +X-

1 X+5 _ X +5 - A , B
X2 +x-2 (X-1Dx+2) x-1 x+2
2. xX+5=AX+2)+B(x -1 Multiply BS by LCD
X+5=Ax+2A+Bx- B
X = Ax + Bx and 5=2A- B
:'l:A+B P A=2B=-1 Equate coefficients of like powers
i5=2A-B
+ )
X*S gx=po®2 .1 Oy oinx-1]-In|x+2]+C
@

3.\ 07‘
X2+ x-2 Oéx-l X + 2
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x2+2x-1

C. Example: @ dx
O2x3+3x2-2x
2
_(\)x+2x-1dX:A+B+C
X(2x - 1)(x + 2) X 2x-1 x+2

2. x2+2x- 1= A(@2x- 1)(Xx +2) +Bx(x + 2) + Cx(2x - 1)  Multiply BS by LCD
X2 +2x-1=(2A+B+ 2C)x? + (3A +2B - C)x - 2A

i2A+B+2C=1
3. %SA +2B-C=2Db A= % B = % C=- % Equate coefficients of like powers

l.oa = -1
2 ..
4_c\)x+2x—1 dx:‘aei+ 1 i 1 de
o + 32 - ox . Eax  5(2x- 1) 10(x + 2)p

= Linpxp+Lingax-11-Linyx+2]+C
10 10

V. Case 3. The denominator is a product of linear factors, some of which are repeated

4 2 A .
G + +10 N 4
N 2X 4x 1+d _ a-%( ‘14 _ X (-)dx
X

X2 -x2-x+1 - x%- x+15

A. Example:
1. LetQ(X) = x3 - x% - x +1. Then Q(1) = 0 implies that (x - 1) is a factor of
of Q)= x3 - x2- x +1. Dividingyields x3 - x2- x+1=(x- 1) (x? - 1).

2. Partial fraction decomposition

4x __A ., B _C

x3 - x2- x+1 X-1 (x-1% x+1

3. 4x = A(X- (X +1)+ B(x + 1) + C(x - 1)
4x = (A+C)x?> + (B- 2C)x + (- A +B + C)
A+C=0p A=-C
B-2C=4 bB=4+2C
-A+B+C=0C+4+2C+C=0bpP C=-1
ThenA=1landB=2

page 2



\85}( 2% + 4x +10 RS 1 2 1 O

4. =0dx = (px + 1+ + - +dx
(gxg-x-x+1gj Xx-1 (x-1% x+1p
2
:X?+x+|n|x-1|-il-|n|x+1|+c
2 -
=X—+x+|n|X 1|- 2 -In|x+1|+C
2 |x=]J X-1

2

B. Background: 8 _,.i_E:-Gx +4x + 3

4x+3 ¥ X X3 (4x + 3)
Example: (‘)%dx
X" (4x + 3)

6 A B C D

= + =+ — +—

X3(4x+3) 4x +3  x x2S

V. Case 4: The denominator contains irreducible quadratic factors, none of which is
repeated

A. Evaluate \&4—3)(4.2 =X [degree of numerator 3 degree of denominator]

4x2 - 4X+3g

\ - O X = 1 0
Rx% - 3x + 2 cg‘l_ + Odx
4x? - 4x + 3 g 4% - AX + 3§
2. 4x% - 4x + 3 isirreducible because its discriminant is negative; therefore it

cannot be factored.
3. Complete the square of the polynomial

1.

3y 2
4x2-4x+3:4a§<2-x+12+3-1:228§(-12+2:(2x-])2+2
& 4 g & 2%
4, Letu=2x-1;thendu=2dx,and x = u+l
&l
A\ X' 1 1\_(U+1)- -
CgiJf Ol =x+Ig2 T > =du
A% - 4X + 3 g 2 us +2
g o
_ 1\aeu-1o le u o \ae 1 t')
=X+ — 5 u—x+—% du
4 “8u +2z u +2;a u? +2g
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=X+ —In(u +2) - 1 1 tan 1eeu 0 +C table: #17 with a = 1/5
8 g«/_z
= Lin@ax? - ax+3)- -2 e 18X - 10,
8 8 \/5 2

VI. Case 5: The denominator contains a repeated irreducible quadratic factor

& x+2x°- 0

A. Evaluate ¢ +dx
2 y?
. 1- X +2x2 - x3 _A_,Bx+C _Dx+E
X(x% + )2 X x2+1  (x2+17?

2. 1- x+ 2x2 - x3=A(x2 + 1)2(Bx + C)x(x? + 1) + (Dx + E)x
Solution: A=1,B=-1,C=-1,D=1,andE=0

2,36 6
B 2 x+22x 2x Sdx = & x2+1 N 2x S
xX0C+17 5 X 2+l (E+)25
dx X dx X 2
=0 -0 —dx- ¢ + ¢ dx letu=x"+1
X x2 +1 0x2 +1 O(x2 +1)2
=Inix|- 22 +1)- tan"ix - — 1+ C
2 2(x% + 1)
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